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QUASI-HAMILTONIAN MODEL SPACES
KAY PAULUS
Abstract. Let K be a simple and simply connected compact Lie group. We call a quasi-
Hamiltonian K-manifold M a quasi-Hamiltonian model space if it is multiplicity free and
its moment map is surjective. We classify all quasi-Hamiltonian model spaces by identifying
a certain lattice that uniquely determines the space via [Kno16].
Part 1. Introduction
A (quasi-affine) G-variety for G reductive is called a model variety if its coordinate ring
contains every irreducible representation exactly once [GZ85]. These varieties have played a
very central role for a broad range of classification problems.
The aim of this paper is to classify a similar class of model spaces in the setting of so-
called twisted quasi-Hamiltonian manifolds: Let K be a compact and simply connected
Lie group and τ a smooth automorphism of K. The group K is equipped with an action
by twisted conjugation g 7→ kgτ(k−1). To distinguish this twisted action from the adjoint
action, we use Kτ for K when we mean the twisted action. Roughly speaking, a (twisted)
quasi-Hamiltonian Kτ-manifold is a smooth manifold M equipped with a K-action, a
2-form w and a smooth map m :M → K, the (group valued) moment map, fulfilling certain
compatibility conditions. A quasi-Hamiltonian manifold is called multiplicity free if all its
symplectic reductions are points.
By [Kno16], any multiplicity free quasi-Hamiltonian manifold is uniquely determined by two
invariants, a polytope P and a lattice ΛM , a subset of the weight lattice Λ of K. The
polytope P is the projection of the image of the moment map to the alcove A of a certain
affine root system Φ where Φ is completely determined by K and the order of τ .
In his fundamental paper [Kno16, theorem 11.4], Knop pointed to a family of quasi-Hamiltonian
manifolds where the moment polytope and also the lattice are as big as possible, namely
P = A and ΛM = Λ. This is an obvious analogon to Gel’fand’s model varieties [GZ85].
Clearly, P = A implies that the moment map is surjective.
The aim of this article is to classify a slightly bigger class of quasi-Hamiltonian manifolds
which we call quasi-Hamiltonian model Kτ -spaces:
Definition 1.1. A quasi-HamiltonianKτ -manifold is called a (quasi-Hamiltonian) model
Kτ-space if it is multiplicity free and its moment map is surjective.
Our classification of model spaces will use Knop’s characterization of the pairs (A,ΛM):
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Theorem 1.2 (Theorem 5.1.2). (Special case of [Kno16, def. 6.6] and [Kno16, thm 6.7])
Let ΛM be a sublattice of Λ with rkΛM = rkΛ. Let CaA denote the tangent cone of A
in a ∈ A and K(a)C the complexification of the K-stabilizer of a. The pair (A,ΛM) is in
bijection with a quasi-Hamiltonian manifold if and only if for every vertex a of A, the monoid
CaA ∩ ΛM is the weight monoid of a smooth affine spherical K(a)C-variety Z. Every pair
(A,ΛM) with this property is called a spherical pair.
Definition 1.3. The variety Z from theorem 1.2 (and often also its weight monoid) is called
the local model in a ∈ A, it is uniquely determined by its weight monoid via [Los09].
We will essentially go by the following steps to achieve our classification:
(1) We determine all possible local models in one vertex of the alcove A, we choose
(0, . . . , 0). This gives candidates for the lattices ΛM , these are a subclass of smooth
affine spherical varieties of full rank. This was done in [PPVS18] and is summarized
in part 4.
(2) We decide which of these lattices fulfill theorem 1.2. This will be part 5.
The main result of this article is theorem 5.12:
Let K be simple and simply connected and τ be a smooth automorphism of K. Let Λ =
〈ω1, . . . , ωn〉 be its weight lattice and S its set of simple roots. Then the map M → ΛM gives
a bijection between quasi-Hamiltonian model Kτ -spaces and the lattices in the following table:
K ord(τ) ΛM
1 any combination but
K = SU(2n + 1),
ord(τ) = 2
2ZS ⊆ ΛM ⊆ 2Λ
2 SU(n+1), n even 1 ΛM = 〈α1+α2, α2+α3, . . . , αn−1+αn, kωn−1〉 with k|n+1, k ∈ Z≥1
3 SU(n+ 1), n odd 1 ΛM = 〈α2 + α3, α3 + α4, . . . , αn−1 + αn, eωn−1, rωn−1 + ωn〉 with
r, e ∈ Z≥1, e|
n+1
2
, 0 ≤ r ≤ e− 1
4 Sp(2n) 1 ΛM = Λ
5 SU(5) 2 ΛM = 〈2ω1, ω2〉
6 SU(2n+ 1) 2 ΛM = Λ
7 SU(2n+ 1) 2 ΛM = 2Λ
8 Spin(2n+ 2) 2 ΛM = 〈ω1, ω2, . . . , ωn−1, 2ωn〉
9 Spin(2n + 2), n
odd
2 ΛM = 〈α1 + α2, α2 + α3, . . . , αn−1 + αn, 2αn〉
Note that the table in theorem 5.12 contains slightly more information.
Remark 1.4. One can show that the spaces corresponding to case 1 and 7 are so-called disym-
metric spaces, they were mentioned in [Kno16, part 11] as an important class of examples
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for multiplicity free spaces. They were classified by Matsuki in a series of papers ([Mat95],
[Mat97] and [Mat02]). Details will appear elsewhere. Knop also determined the spaces cor-
responding to the full weight lattice in case 2,3 and the spaces 4,6. The other cases seem to
be completely new.
This article summarizes parts of my recently finished doctoral project, which was conducted
under the supervision of Friedrich Knop. Therefore, it has substantial, partially word-by-
word overlap with my doctoral thesis [Pau18].
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Part 2. The Setting
Let K be a simple and simply connected compact Lie group with Lie algebra k and com-
plexification G. Let TR be a maximal torus for K and T its complexification. Let Λ be
the weight lattice of K, that is the character group of T which can be identified with the
character group of the Borel B containing T . The lattice Λ can be seen as the lattice spanned
by the fundamental dominant weights. We call Λ+ the monoid spanned by the fundamental
dominant weights of G. We denote the set of simple roots corresponding to this choice of T
and B by S and the set of all roots by R.
A quasi-Hamiltonian K-manifold M is a concept introduced by Alekseev, Malkin and Mein-
renken in [AMM98] as a setting equivalent to Hamiltonian loop group actions. A natural
generalisation is to consider a K-action on itself by twisted conjugation g 7→ kgτ(k−1). To
distinguish this twisted action from the adjoint action, we use Kτ for K when we mean the
twisted action. These manifolds are twisted quasi-Hamiltonian manifolds [Kno16]. Similar
ideas were discussed independently in [Mei15].
Definition 2.1. A (twisted) quasi-Hamiltonian Kτ-manifold is a smooth manifold M
equipped with a K-action, a 2-form w, and a smooth map m : M → K, called the (group
valued) moment map such that
(1) m is K-equivariant
(2) w is K-invariant and satisfies dw = −m∗η
(3) ι(ξm)w = −
1
2
m∗(θL + θR)ξ, ξ ∈ k
(4) ker(w) ∩ ker dm = {0}
where θL, θR are the left- resp. right-invariant Maurer-Cartan-form and η is the canonical
Cartan-3-form.
In this paper, all quasi-Hamiltonian manifolds are assumed to be multiplicity free which
means that all symplectic reductions are points.
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It is well known that the twisted conjugacy classes in K are in bijection with the alcove A
of an affine root system that is determined by K and the order of τ , cf. [MW04] for details.
The image P of m can naturally be seen as a subset of A, actually, this P is the image of
π ◦m with π : K → A.
Let us recall some well known facts about affine root systems that are needed for the rest
of the paper. We follow the introduction in [Kno16] which is mainly based on [Mac72] and
[Mac03].
Let a be a Euclidean vector space with scalar product 〈·, ·〉 and an associated affine space
a. We denote by A(a) the set of affine linear functions on a, the gradient of α ∈ A(a) is
denoted by α ∈ a, and it has the property
(1) α(x+ t) = α(x) + 〈α, t〉, x ∈ a, t ∈ a
Let O(a¯) be the orthogonal group of the vector space a and M(a) the isometries of a, and
let M(a)→ O(a), w 7→ w be the natural projection between these two sets.
A motion s ∈ M(a) is called a reflection if its fixed point set is an affine hyperplane H . We
can express this reflection as sα(x) = x − α(x)α
∨ with the usual convention α∨ = 2α
||α||2
. Its
action on an affine linear function β ∈ A(a) is:
sα(β) = β − 〈β, α
∨〉α
Definition 2.2. An affine root system on an affine space a is a subset Φ ⊂ A(a) such that:
(1) R1 ∩ Φ = ∅
(2) sα(Φ) = Φ for all α ∈ Φ
(3) 〈β¯, α¯∨〉 ∈ Z for all α, β ∈ Φ
(4) the Weyl Group W = WΦ := 〈sα, α ∈ Φ〉 ⊂ M(a) is an Euclidean reflection group,
which means in particular that W acts properly discontinuously.
(5) The affine root system Φ is called reduced if Rα ∩ Φ = {+α,−α} for all α ∈ Φ
Note that we do not ask Φ to generate the affine space A(a). Also, all finite (classical) root
systems are affine in this definition.
Definition 2.3. [Kno16, def. 3.3] Let Φ ⊂ A(a) be an affine root system.
(1) A weight lattice for Φ is a lattice Λ ⊆ A(a) with Φ¯ ⊂ Λ and Φ¯∨ ⊆ Λ∨ where
Λ∨ = {t ∈ a¯ | 〈t,Λ〉 ⊆ Z} is the dual lattice for Φ.
(2) An integral root system is a pair (Φ,Λ) where Φ ⊂ A(a) is an affine root system
and Λ ⊆ a¯ is a weight lattice for Φ.
The connected components of the complement of the union of all reflection hyperplanes in
a are called the chambers of Φ (or W ). The closure A of a single chamber is called an
alcove. The vertices of A are precisely the Xi := {X ∈ A : α(X) = 0 ∀α ∈ S \ {αi}}
There is a well known theory of Euclidean reflection groups stating that W acts simply
transitively on the set of alcoves, that each alcove is a fundamental domain for the action
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of W and that the group W is generated by the finitely many reflections about the faces of
codimension one of any alcove.
We finish this part by recalling the classification of all irreducible affine root systems that
are not classical root systems, as it is found in [Kac90], for example.
Table 2: Dynkin Diagrams of affine root systems
1 1 1 1 1 1 1 1
1 1
1
2 2 2 2 2
α0
α1 α2 α3 αn−1αn
A
(1)
1 A
(1)
n , n ≥ 2 B
(1)
n , n ≥ 3
1 12 2
α0 α1 αn−1αn
1
1
1 12 2 2 2
α0
αn
α1 α2 α3 αn−2αn−1
1 2 3 2 1
2
1
α0 α2 α4
α3
α1
α5 α6
C
(1)
n , n ≥ 2 D
(1)
n , n ≥ 4 E6(1)
1 2 3 4
2
3 2 1
α0 α1 α3 α4
α2
α5 α6 α7
2 4 6 5 4 3 2 1
3
α0α1 α3 α4
α2
α5 α6 α7 α8
1 2 3 4 2
α0 α1 α2 α3 α4
E
(1)
7 E
(1)
8 F
(1)
4
1 2 3
α0 α2 α1 α0 α1
2 1
α0 α1 αn−1αn
2 2 2 1
G
(1)
2 A
(2)
2 A
(2)
2n , n ≥ 2
1
1 12 2 2 2
α0
α1 α2 α3 αn−1αn
1 11 1
α0 α1 αn−1αn
1
α0 α1 α2 α3 α4
2 3 2 1
A
(2)
2n−1, n ≥ 3 D
(2)
n+1, n ≥ 2 E
(2)
6
1 12
α0 α1 α2
D
(3)
4
When we need coordinates, we shall use [Bou81] for the classical root systems and calculate
α0 by using the relation between the simple roots given by the Dynkin labels. The root given
by the Dynkin labels is commonly called δ, so for all affine root systems, we have δ = 1,
resp. δ¯ = 0. For example, for C
(1)
n , we have δ = α0+2α1+ · · ·+2αn−1+αn = 1, which gives
α0 = 1− (2α1 + · · ·+ 2αn−1 + αn).
For an orthonormal basis ǫ1, . . . , ǫn of R
n, the realization we use is:
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Table 3: Coordinates in affine root systems
System Vector Space Simple Roots
A
(1)
n Hyperplane of coordi-
nate sum 0 in Rn+1
α0 = 1− ǫ1 + ǫn+1, αi = ǫi − ǫi+1 for all i = 1 . . . n
B
(1)
n R
n
α0 = 1− ǫ1 − ǫ2, αi = ǫi − ǫi+1 for all i = 1, . . . , n− 1, αn = ǫn
C
(1)
n R
n
α0 = 1− 2ǫ1, αi = ǫi − ǫi+1 for all i = 1, . . . , n− 1, αn = 2ǫn
D
(1)
n R
n
α0 = 1−ǫ1−ǫ2, αi = ǫi−ǫi+1 for all i = 1, . . . , n−1, αn = ǫn−1+ǫn
E
(1)
6 subspace of R
8 :
{(x1, . . . , x8), xi ∈ R}
with x6 = x7 = −x8
α0 = 1−
1
2
(ǫ1+ ǫ2+ ǫ3+ ǫ4+ ǫ5− ǫ6− ǫ7+ ǫ8), α1 =
1
2
(ǫ1− ǫ2− ǫ3−
ǫ4 − ǫ5 − ǫ6 − ǫ7 + ǫ8), α2 = ǫ1 + ǫ2, α3 = ǫ2 − ǫ1, α4 = ǫ3 − ǫ2, α5 =
ǫ4 − ǫ3, α6 = ǫ5 − ǫ4
E
(1)
7 subspace of R
8 orthog-
onal to ǫ7 + ǫ8
α0 = 1 + ǫ7 − ǫ8, α1 =
1
2
(ǫ1 − ǫ2 − ǫ3 − ǫ4 − ǫ5 − ǫ6 − ǫ7 + ǫ8), α2 =
ǫ1+ǫ2, α3 = ǫ2−ǫ1, α4 = ǫ3−ǫ2, α5 = ǫ4−ǫ3, α6 = ǫ5−ǫ4, α7 = ǫ6−ǫ5
E
(1)
8 R
8
α0 = 1 − ǫ7 − ǫ8, α1 =
1
2
(ǫ1 − ǫ2 − ǫ3 − ǫ4 − ǫ5 −
ǫ6 − ǫ7 + ǫ8), α2 = ǫ1 + ǫ2, α3 = ǫ2 − ǫ1, α4 = ǫ3 − ǫ2,
α5 = ǫ4 − ǫ3, α6 = ǫ5 − ǫ4, α7 = ǫ6 − ǫ5, α8 = ǫ7 − ǫ6
F
(1)
4 R
4
α0 = 1− ǫ1− ǫ2, α1 = ǫ2− ǫ3, α2 = ǫ3− ǫ4, α3 = ǫ4, α4 =
1
2
(ǫ1− ǫ2−
ǫ3 − ǫ4)
G
(1)
2 Hyperplane of coordi-
nate sum 0 in R3
α0 = 1 + ǫ1 + ǫ2 − 2ǫ3, α1 = ǫ1 − ǫ2, α2 = −2ǫ1 + ǫ2 + ǫ3
A
(2)
2 R
1
α0 = 1−
1
2
ǫ1, α1 = ǫ1
A
(2)
2n R
n
α0 = 1− ǫ1, αi = ǫi − ǫi+1 for all i = 1, . . . , n− 1, αn = 2ǫn
A
(2)
2n−1 R
n
α0 = 1− ǫ1 − ǫ2, αi = ǫi − ǫi+1 for all i = 1, . . . , n− 1, αn = 2ǫn
D
(2)
n+1 R
n
α0 = 1− ǫ1, αi = ǫi − ǫi+1 for all i = 1, . . . , n− 1, αn = ǫn
E
(2)
6 R
4
α0 = 1−ǫ1, α1 =
1
2
(ǫ1−ǫ2−ǫ3−ǫ4), α2 = ǫ4, α3 = ǫ3−ǫ4, α4 = ǫ2−ǫ3
D
(3)
4 Hyperplane of coordi-
nate sum 0 in R3
α0 = 1 + ǫ2 − ǫ3, α1 = ǫ1 − ǫ2, α2 = −2ǫ1 + ǫ2 + ǫ3
Note that the normalization in the last 6 entries differs slightly from [MW04].
Part 3. Combinatorial data of spherical varieties
Remember that an irreducible G-variety (for reductive G) is called spherical if it is normal
and has an open B-orbit (where B denotes the Borel subgroup of G). A closed subgroup H
of G is called spherical if G/H is spherical.
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Let V (λ) denote the irreducible G-representation corresponding to the dominant weight λ.
The weight monoid of a complex affine algebraic G-variety Z is the following submonoid
of Λ+:
Γ(Z) = {λ ∈ Λ+ : HomG(V (λ),C[Z]) 6= 0}
Smooth affine spherical varieties are classified by their weight monoid, as it was shown in
[Los09].
The following enumeration of the most important data of spherical varieties is mostly taken
from [PVS15, part 2.2]:
Definition 3.1. Let Z be a spherical G-variety with open orbit G/H .
(1) The (weight) lattice of Z, called Λ(Z), is the subgroup Λ which consists of the
B-weights of B-eigenvectors in the field of rational functions C(Z).
(2) The rank of the weight lattice Λ(Z) is called the rank of Z.
(3) Let ν : C(Z)× → Q be a G-invariant discrete valuation. Then ν induces an element
ρZ(ν) of HomZ(Λ(Z),Q) by
〈ρZ(ν), γ〉 = ν(fγ)
and fγ ∈ C(Z) is a B-eigenvector of B-eigenvalue γ ∈ Λ(Z). If D ⊂ Z is a B-
invariant prime divisor, we denote by νD the associated discrete valuation and by
ρZ(D) the element ρZ(νD) of HomZ(Λ(Z),Q).
(4) A color of Z is a B-stable, but not G-stable prime divisor of Z. The set of colors of
Z is called ∆(Z).
(5) The Cartan pairing of Z is the bilinear map
CZ : Z∆(Z)× Λ(Z)→ Z
given by
CZ(D, γ) = 〈ρZ(D), γ〉
for D ∈ ∆(Z) and γ ∈ Λ(Z)
(6) We use V(Z) for the set of G-invariant Q-valued discrete valuations of C(Z) and
identify V(Z) with its image in HomZ(Λ(Z),Q) via the map ρZ . We call V(Z) the
valuation cone of Z.
(7) By [Bri90], V(Z) is a co-simplicial cone. The set of spherical roots Σ(Z) of Z is
the minimal set of primitive elements of Λ(Z) such that
V(Z) = {η ∈ HomZ(Λ(Z),Q) | 〈η, σ〉 ≤ 0 ∀σ ∈ Σ(Z)}
(8) A color D of Z is moved by a simple root α ∈ S if D is not stable under the
minimal parabolic subgroup of G containing B and associated with the simple root
α. If α ∈ S ∩Σ(Z), we denote by A(Z, α) the set of colors of Z moved by α, and we
set A(Z) := ∪α∈S∩Σ(Z)A(Z, α).
Note that all these invariants only depend on the open orbit G/H of Z.
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Part 4. G-saturated smooth affine spherical varieties of full rank
This section will recall the combinatorial smoothness criterion from [PVS15] and give a brief
overview of the classification of smooth affine spherical G-saturated varieties of full rank in
[PPVS18]. These are precisely the local models in X0 for quasi-Hamiltonian model spaces.
First, we would like to recall that this criterion works for every reductive group G, albeit we
are mainly interested in semisimple groups in this paper.
Let us make precise what we mean by G-saturated and full rank:
Definition 4.1. We say that a submonoid Γ of Λ+ is G-saturated if
ZΓ ∩ Λ+ = Γ
Observe that, under this assumption, the lattice ZΓ also determines Γ.
Definition 4.2. We call a monoid Γ ⊆ Λ+ smooth if it is the weight monoid of a smooth
affine spherical variety, that is there exists a (by [Los09] unique) smooth affine G-variety Z
such that C[Z] ∼= ⊕λ∈ΓV (λ) as a G-module.
Definition 4.3. We say that a sublattice X of Λ has full rank if rkX = rkΛ. Furthermore,
we say that a submonoid of Λ+ has full rank if the lattice it generates in Λ has full rank.
Finally, we say that an affine spherical G-variety Z has full rank if its weight monoid has
full rank.
Observe that a submonoid Γ of Λ+ is G-saturated and of full rank if and only if R≥0Γ is
equal to the full dominant chamber. So these are exactly the monoids that could be local
models for quasi-Hamiltonian model spaces.
For the rest of this paper, we assume all weight monoids to be G-saturated and
to have full rank.
We will need a special set of spherical roots for the smoothness criterion, the so-called N -
spherical roots ΣN (Γ) associated to Γ. By definition, it is equal to Σ(G/NG(H)) where G/H
is the open orbit of the most generic affine spherical variety with weight monoid Γ. In our
setting, it has a very simple combinatorial description, see lemma 4.5. For more details on
the geometric meaning of this set of spherical roots, we refer to [VSt13] and [PVS15] resp.
[PPVS18].
We do not repeat more details on N -spherical roots, as our setting of G-saturated smooth
affine spherical varieties of full rank gives very strong restrictions on the set ΣN(Γ). In
particular, we define the following sets:
2S := {2α : α ∈ S}
S+ := {α + β : α, β ∈ S, α 6= β, α 6⊥ β}
Note that these sets of spherical roots already appeared in Luna’s article about wonderfuld
model varieties [Lun07].
Lemma 4.4. [PPVS18, lemma 3.2] Let Γ be a submonoid of Λ+: If rkZΓ = rkΛ and Γ is
G-saturated, then ΣN (Γ) ⊂ 2S ∪ S+
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We adapt [PVS15, proposition 1.6]) to our setting:
Lemma 4.5. Let σ¯ ∈ 2S ∪ S+, let Γ be a G-saturated submonoid of Λ+ of full rank. Then
σ¯ ∈ ΣN(Γ) if and only if:
(1) σ¯ ∈ ZΓ; and
(2) if σ¯ = 2α then 〈α∨, γ〉 ∈ 2Z for all γ ∈ ZΓ;
Luna introduced a diagram notation for spherical roots. The diagrams that will appear in
this paper are the following, a complete list of all Luna diagrams can be found in [BL11], for
example.
Table 4: Spherical roots and their diagrams
Spherical root support of type Diagram
2α1 A1
α1 + α2 A2
α1 + α2 B2
One final invariant is needed to state the criterion:
Proposition 4.6. (see [PVS15], Prop. 1.7) Let Γ ⊆ Λ+ be a G-saturated submonoid. Among
all the subsets F ⊆ S such that the relative interior of the cone spanned by {α∨|ZΓ : α ∈ F}
in HomZ(Γ,Q) intersects the valuation cone V(Γ), there is a unique one, denoted SΓ, which
contains all the others.
The main theorem of [PVS15] (specialized to the case of G-saturated weight monoids of full
rank!) is the main tool we used for our classification:
Theorem 4.7 ([PVS15, theorem 1.12]PVS-algorithm). Let Γ be a G-saturated monoid of
dominant weights of G, let Γ have full rank and let ΣN (Γ), SΓ as defined above. Then Γ is
the weight monoid of a smooth affine spherical G-variety if and only if
(1) {α∨|ZΓ : α ∈ SΓ} is a subset of a basis of ZΓ
∗,
(2) if α, β in SΓ and α 6= β, then α ⊥ β, and
(3) if α ∈ SΓ, then 2α 6∈ Σ
N (Γ)
Proof. We show, under the given assumptions on Γ, that conditions (1),(2),(3) of our theorem 4.7
are equivalent to conditions (1),(2),(3) of [PVS15, theorem 1.12]. Let Γ be as above. We first
note that conditions (1) in both statements are the same. Suppose now that Γ,ΣN(Γ), SΓ
fulfills conditions (2) and (3) of [PVS15, theorem 1.12]. Then, (2) and (3) of our theorem
are fulfilled by [PPVS18, lemma 3.4.].
Now suppose that Γ,ΣN(Γ), SΓ fulfills (2),(3) of theorem 4.7. We have to show that it also
fulfills the conditions of [PVS15, theorem 1.12]. As Γ has full rank, it follows from [PPVS18,
lemma 3.2] that the set Sp(Γ) = ∅. In this setting, condition (2) of theorem 4.7 states that
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SΓ is a (possibly empty) products of A1.Our condition (3) guarantees Σ
N (Γ) ∩ ZSΓ = ∅
which is the last thing we need to show that condition (3) in [PVS15, thm 1.12] is true. In
the parlance of [PVS15], we have shown that the triple is a product of the primitive triples
(A1, ∅, ∅).
As our monoid is of full rank, condition (2) of [PVS15, theorem 1.12] is trivially satisfied:
if there were distinct simple roots such that their coroots are equal on Γ, cf. the proof of
[PPVS18, lem. 3.2]. 
The following lemma is an immediate consequence of the elementary divisors theorem (cf.
[Lan84], p. 234, theorem 5.2) and is very helpful for verifying condition (1) of theorem 4.7.
Lemma 4.8. Let k, l ∈ N with k ≥ l ≥ 1 and A ∈ Mat(k × l,Z). The following are
equivalent:
(1) There exists a matrix C ∈ Mat(k × (k − l),Z) such that (A|C) ∈ GL(k,Z).
(2) The greatest common divisor of all l × l-minors in A is equal to 1.
Example 4.9. As an instructive example of how to apply the smoothness criterion, we in-
vestigate the family of monoids for G of type Cn and Σ
N(Γ) = S+. We want to show that
Γ is smooth if and only if Γ = Λ+ (This is a subcase of [PPVS18], Lemma 3.20. We show a
more detailed proof here).
Let us assume that n is even, the argument for n odd works similarly. We have ΣN (Γ) =
S+ = {α1+α2, α2+α3, . . . , αn−1+αn} by assumption and number the elements σ1, . . . , σn−1.
The next step of the "inverse PVS-algorithm" is to determine the set SΓ.
Obviously, α1, α3, . . . , αn−1 ∈ SΓ, as 〈
∑
i odd α
∨
i , σ〉 ≤ 0 for all σ ∈ Σ
N(Γ). The equation
〈
∑
σi, α
∨
2 〉 = 1 gives α2 /∈ SΓ.
Now let k be an even number 4 ≤ k ≤ n: We assume that αk is in SΓ. Then a study of
the expressions 〈σi, ck−2 · α
∨
k−2〉 clearly shows αk−2 ∈ SΓ. But then, by the same argument,
also αk−4, . . . , α4 and finally α2 ∈ SΓ. But we already saw that α2 /∈ SΓ. Contradiction. So
SΓ = {αi : i odd} and fulfills condition(2) of theorem 4.7. It follows that condition (3) is
also met.
We add up all spherical roots:
∑
σi = ω2, so ω2 ∈ ZΓ. We add
∑n
i=3 σi = −ω2 + ω4, so
ω4 ∈ ZΓ. We advance like this and finish with ωn ∈ ZΓ. Hence, SΓ are the odd co-roots,
and hence {ωi : i even} ⊂ ZΓ.
We can assume without loss of generality that the ωi with i even are part of a basis of the
lattice. That means the other generators are of the form a1jω1 + a
3
jω3 + a
5
jω5 + . . . a
l
jωl with
l the biggest odd number < n. But the condition (1), that the odd co-roots are part of a
basis of ZΓ∗, gives aij = δi,j. We get that
ZΓ = 〈ω1, ω2, . . . , ωn〉 = Λ.
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is the only smooth lattice in this setting.
Next we recall the classification of G-saturated smooth affine spherical varieties of full rank
with G simple and simply connected from [PPVS18]. As said, this is the complete list of
possible local models in X0 for quasi-Hamiltonian model Kτ -spaces.
Table 5: G-saturated smooth affine spherical varieties of
full rank with G simple
G Z ZΓ(Z) ΣN (Z)
A1 SL(2) C2 〈ω1〉Z ∅
A2 SL(2) SL(2)/T 〈2ω1〉Z {2α1}
A3 SL(2) SL(2)/N(T) 〈4ω1〉Z {2α1}
A4 SL(n+ 1), n ≥ 2
SL(n+ 1)/Zd SO(n+ 1)
with d|(n+ 1)
Zd := {ζId: ζ ∈ C, ζ
d = 1}
if n is even,
Zd := 〈diag(ξ
n+1
d , . . . , ξ
n+1
d , (−ξ)
n+1
d )〉
ξ=primitive 2(n+ 1)-th root of 1
if n is odd
2〈α2, α3, . . . , αn, dωn〉Z 2S
A5
n ≥ 2,
even
SL(n+ 1)/Hk Sp(n)
k ∈ N \ {0}
Hk := {diag(ζ, . . . , ζ, ζ
−n) :
ζ ∈ C, ζ2k = 1}
ZS+ ⊕ Z(kωn−1) S+
A6
n ≥ 2,
odd
SL(n+ 1) ×Z2e Sp(n+1) Cn+1
e|n+1
2
;
0 ≤ r ≤ e− 1
ζId ∈ Z2e acts on C
n+1
as the multiplication by ζr
〈α2 + α3, α3 + α4,
. . . , αn−1 + αn,
eωn−1, rωn−1 + ωn〉Z
S+
B1 Spin(2n+ 1), n ≥ 2 SO(2n+ 1)/ S(O(n+ 1)×O(n)) 2ZS 2S
B2 Spin(2n+ 1), n ≥ 2 SO(2n + 1)/(SO(n+ 1) × SO(n)) 2Λ 2S
B3 Spin(2n+ 1), n ≥ 2 SO(2n+ 1)/N(GL(n)) Z(S+ ∪ {2αn}) S+ ∪ {2αn}
B4 Spin(2n+ 1), n ≥ 2 SO(2n+ 1)/GL(n) 〈ω1, ω2, . . . , ωn−1, 2ωn〉Z S+ ∪ {2αn}
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Table 5: G-saturated smooth affine spherical varieties of
full rank with G simple
G Z ZΓ(Z) ΣN (Z)
C1 Sp(2n), n ≥ 3 Sp(2n)/N(GL(n)) 2ZS 2S
C2 Sp(2n), n ≥ 3 Sp(2n)/GL(n) 2Λ 2S
C3 Sp(2n), n ≥ 2
Sp(2n)×Sp(2a)×Sp(2b) C2b
a = b = n/2 if n is even,
a = b− 1 = (n− 1)/2 if n is odd
Λ S+
D1 Spin(2n), n ≥ 4 SO(2n)/N(SO(n)× SO(n)) 2ZS 2S
D2 Spin(2n), n ≥ 4 SO(2n)/(SO(n)× SO(n)) 2Λ 2S
D3 Spin(2n), n ≥ 4 SO(2n)/S(O(n) ×O(n)) 2〈α1, . . . , αn−2, αn, ω1〉Z 2S
D4 Spin(2n), n ≥ 4 even
SO(2n)/〈A · (SO(n)× SO(n))〉,
where Aei = −en−i+1,
Aen
2
+i = en
2
−i+1,
Aen+i = e2n−i+1,
Ae 3n
2
+i = −e 3n
2
−i+1
for all i ∈ {1, . . . , n/2}
and (ei)i∈{1,...,2n} is
the standard basis of C2n
2〈α1, . . . , αn−2, αn, ωn〉Z 2S
D5 Spin(2n), n ≥ 4 even SO(2n)/〈A · S(O(n) ×O(n))〉 2〈α1, . . . , αn−2, αn, ω1 + ωn〉Z 2S
E61 E6 E6/Z(E6)C4 2ZS 2S
E62 E6 E6/C4 2Λ 2S
E71 E7 E7/N(A7) 2ZS 2S
E72 E7 E7/A7 2Λ 2S
E8 E8 E8/D8 2Λ = 2ZS 2S
F4 F4 F4/(C3 × A1) 2Λ = 2ZS 2S
G2 G2 G2/(A1 × A1) 2Λ = 2ZS 2S
Remark 4.10. Note that table 5 is also a classification of (non-compact) multiplicity free
Hamiltonian K-manifolds of full rank for K simple and simply connected with surjective
moment map, ultimately due to [Kno11, thm. 11.2]. We think of a moment polytope P
whose R≥0-span intersected with the Weyl chamber of a classical root system is the whole
chamber. Hence the only minimal face of P is X = 0 = (0, . . . , 0) and the local models in
that case are those smooth affine spherical varieties Z such that the cone spanned by Γ(Z) is
the tangent cone of P in 0. But these are precisely the varieties from table 5. So the lattices
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from table 5 and P the whole chamber are all spherical pairs corresponding to multiplicity
free Hamiltonian manifolds with surjective moment map.
Part 5. Quasi-Hamiltonian model spaces
Let us briefly recall our setting. We have a quasi-Hamiltonian K-manifold with K simple
and simply connected. We chose A = P and are now interested in all lattices Λ that form
spherical pairs (A,ΛM). We also recall theorem 1.2 on how to find those. The vertices of A
are precisely the Xi := {X ∈ A : α(X) = 0 ∀α ∈ S \ {αi}}. What we have done so far is to
recall the precise list of possible monoids in X0. This chapter deals with the task of deciding
which of the lattices generated by these monoids correspond to spherical pairs. In order to
do so, we apply the smoothness criterion theorem 4.7 in every other vertex.
What we have seen so far is the list of G-saturated smooth affine spherical varieties of full
rank. Their weight monoids are local models for quasi-Hamiltonian model spaces in X0.
This leaves the following lattices as candidates for model spaces, named by their number in
table 5. The values for n are as in table 2:
Table 6: Possible lattices
Case Root System Possible Lattices in X0
1) A
(1)
n A2), A3), A4)
2) A
(1)
n A5)
3) A
(1)
n A1), A6)
4) B
(1)
n B1), B2)
5) B
(1)
n B3), B4)
6) C
(1)
n C1), C2)
7) C
(1)
n C3)
8) C
(1)
2 B3), B4)
9) D
(1)
n D1), D2), D3), D4), D5)
10) E
(1)
6 E61), E62)
11) E
(1)
7 E71), E72)
12) E
(1)
8 E8)
13) F
(1)
4 F4)
14) G
(1)
2 G2)
15) A
(2)
2n C1), C2)
16) A
(2)
2n C3)
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Table 6: Possible lattices
Case Root System Possible Lattices in X0
17) A
(2)
4 B3), B4)
18) A
(2)
2n−1 C1), C2)
19) A
(2)
2n−1 C3)
20) D
(2)
n+1 B1), B2)
21) D
(2)
n+1 B3), B4)
22) D
(2)
3 C3)
23) E
(2)
6 F4)
24) D
(3)
4 G2)
The rest of this paper investigates the question if these lattices correspond to smooth monoids
in every other vertex of the alcove. To do so, let us establish some more notation and
introduce a useful tool.
Observe that the set of simple roots of K(Xi)C is given by Si := {S \{αi}}, i ∈ {0, 1, . . . , n}.
We shall also use the abbreviation
Pi := {ω0, ω1, . . . , ωi−1, ωi+1, . . . , ωn}
(note that these weights depend on the choice of i and are different for every vertex), defined
by the usual 〈ωj, α
∨
k 〉 = δj,k for all j, k ∈ {0, . . . , n} \ {i}. We shall use Λi for the lattice
generated by the set Pi.
For a set of dominant weights W , we use NW for the monoid generated by these weights
and ZW for the corresponding lattice.
In every vertex Xi of the alcove A, we have a different set of fundamental weights for the
corresponding Levi subgroup K(Xi). It is useful to have the following formulas for that
change of generators.
Lemma 5.1. Let
k0α0 + k1α1 + · · ·+ knαn = 0
be the relation between the simple roots of an affine root system, given by the root δ. Then
the following is a relation between co-roots:
k0‖α0‖
2α∨0 + k1‖α1‖
2α∨1 + · · ·+ kn‖αn‖
2α∨n = 0
Proof. We use the usual α∨ = 2α
‖α‖2
⇒ α = ‖α‖
2
2
α∨ and eliminate the denominator. 
We remember the notation Xi for the vertex of the alcove where all simple roots except αi
are zero.
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Lemma 5.2. Let Φ be an affine root system. Let Λ0 be the weight lattice correspond-
ing to the local root system in X0 with fundamental weights P0 and simple roots S0. Let
Φe be a local root system for Xe, e ∈ {1, . . . , n} with corresponding fundamental weights
ω˜0, ω˜1, . . . , ω˜e−1, ω˜e+1, . . . , ω˜n. Then these two bases transform as follows:
ω˜0 = −
k0‖α0‖
2
ke‖αe‖2
ωe
ω˜f = ωf −
kf‖αf‖
2
ke‖αe‖2
ωe ∀f ∈ {0, 1, . . . , n} \ {0, e}
Conversely:
ωe = −
ke‖αe‖
2
k0‖α0‖2
ω˜0
ωf = ω˜f −
kf‖αf‖
2
k0‖α0‖2
ω˜0 ∀f ∈ {0, 1, . . . , n} \ {0, e}
Proof. We recall that the fundamental weights are defined by 〈ωi, α
∨
k 〉 = δik, i, k ∈ {1, . . . , n}.
It follows that w˜0 for Φe is defined by the relations
〈ω˜0, α
∨
0 〉 = 1, 〈ω˜0, α
∨
i 〉 = 0 ∀i ∈ {0, . . . , n} \ {0, e}
which gives us an inhomogeneous system of n linearly independent equations. We use
lemma 5.1 to get
〈ω˜0,−
ke‖αe‖
2
k0‖α0‖2
α∨e 〉 = 1 and 〈ω˜0, α
∨
i 〉 = 0 ∀i ∈ {0, . . . , n} \ {0, e}
So ω˜0 needs to be a multiple of ωe. The first equation gives us
−
ke‖αe‖
2
k0‖α0‖2
〈ω˜0, α
∨
e 〉 = 1⇒ ω˜0 = −
k0‖α0‖
2
ke‖αe‖2
ωe
Now we look at another weight ω˜f , f ∈ {0, 1, . . . , n} \ {0, e}. It is defined by the n linearly
independent equations
〈ω˜f , α
∨
i 〉 = 0 ∀i ∈ {0, . . . , n} \ {f, e}, 〈ω˜f , α
∨
f 〉 = 1
We replace α∨0 and α
∨
f with the relations from lemma 5.1 and add the right multiples of the
other equations to get
〈ω˜f ,−
kf‖αf‖
2
k0‖α0‖2
α∨f −
ke‖αe‖
2
k0‖α0‖2
α∨e 〉 = 0 (I)
〈ω˜f ,−
k0‖α0‖
2
kf‖αf‖2
α∨0 −
ke‖αe‖
2
kf‖αf‖2
α∨e 〉 = 1 (II)
〈ω˜f , α
∨
i 〉 = 0 ∀i ∈ {1, . . . , n} \ {f, e}
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This justifies the ansatz ω˜f = ceωe + cfωf for some real numbers ce, cf . We put this in
equation I and get
cf
ce
= −
ke‖αe‖
2
kf‖αf‖2
We also put the ansatz in equation II and get cf = 1.
Hence, ce = −
kf‖αf‖
2
ke‖αe‖2
, and ω˜f = ωf −
kf‖αf‖
2
ke‖αe‖2
ωe.
The second part of the lemma is a trivial consequence of the first part. 
We can immediately deduce:
Corollary 5.3. Let Φ be an affine root system. Let Λ0 be the weight lattice correspond-
ing to the local root system in X0 with fundamental weights P0 and simple roots S0. Let
Φ˜ be a local root system for Xe, e ∈ {1, . . . , n} with corresponding fundamental weights
ω˜0, ω˜1, . . . , ω˜e−1, ω˜e+1, . . . , ω˜n. Then:
(1) The coefficients ki‖αi‖
2
k0‖α0‖2
, i = 1, . . . , n in
ωe = −
ke‖αe‖
2
k0‖α0‖2
ω˜0
ωf = ω˜f −
kf‖αf‖
2
k0‖α0‖2
ω˜0 ∀f ∈ {0, 1, . . . , n} \ {0, e}
are always integral.
(2) We have Λ0 ⊆ Λk ∀k = 1, . . . , n (and hence, also 2Λ0 ⊆ 2Λk) for every connected
affine root system. In other words, the lattice spanned by fundamental weights in X0
is a sublattice of the lattice spanned by fundamental weights in every other vertex.
(3) If Φ is of type A
(1)
n and C
(1)
n , all these coefficients are 1 and hence, we have Λ0 =
Λk∀k = 1, . . . , n.
Proof.
We remember table 2 of the affine root systems, the labels and the choice of α0.
(1) This follows from closely looking at the affine root systems and their Dynkin labels.
Case-by-case-checking gives the desired result.
(2) This is a simple consequence of part 1, which in other words says that the fundamental
weights for X0 are integral linear combinations of the fundamental weights in every
other vertex of the fundamental alcove.
(3) We see that all coefficients are 1 in these two cases by closely studying the affine
Dynkin diagrams.

Now we are ready to investigate table 6.
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• Cases 1,4,6,9-14, 18,20,23,24 can be treated simultaneously. We particularly remember
Luna’s result that lattices between the weight lattice and the lattice of N-spherical roots
of a homogeneous smooth affine spherical variety also correspond to homogeneous smooth
affine spherical varieties, cf. [Lun01, Lemma 6.4]. Note that this criterion can easily be
shown using theorem 4.7 as well, see [Pau18, Lemma 5.11] for a proof using the smoothness
criterion.
Lemma 5.4.
Let Φ be an irreducible affine root system.
(1) The lattices ZSi are the same for all vertices where the root αi has Dynkin label 1.
(2) The lattices ZSi for all vertices where the root αi has a Dynkin label > 1 are proper
sublattices of the lattice from part 1.
Proof. Both are simple consequences of the linear dependence between the simple roots
indicated by the Dynkin labels. We compare two vertices Xk, Xl of an affine root system
where αk, αl have Dynkin label 1. Then we can express the root αk as a integral linear
combination of the simple roots of the local root system Φl, and vice versa, using δ = 0.
For the second part we compare two vertices Xk, Xl where αk has Dynkin label 1, αl has
Dynkin label > 1. Then we can express the root αk as a integral linear combination of the
roots in Φl, but the other way round, the linear combination will not be integral, as it is
never the case that the label of αl is a divisor of all the coefficients in this linear combination,
as one checks by going through table 2. 
Corollary 5.5. In the given cases, we have
2ZSk ⊆ 2ZS0 ⊆ 2Λ0 ⊆ 2Λk
for all k ∈ {1, . . . , n}.
In particular, the monoids CXkA ∩ ZΓ are all the weight monoids of homogeneous smooth
affine spherical varieties of full rank.
Proof. As the root α0 has Dynkin label 1 in every affine root system but A
(2)
2l , this is a direct
consequence of corollary 5.3 and lemma 5.4. The smoothness in every other vertex follows
from Luna’s augmentations, cf. [Lun01, Lemma 6.4]. 
This means that the candidates in these cases really are lattices of quasi-Hamiltonian
manifolds.
• Case 2
This lattice ZΓ = Λ0 is a homogenous local model where the spherical roots are the sums
of neighboring roots S+0 . The manifold corresponding to the whole weight lattice ΛM = Λ
was discussed in [Kno16], we shall also classify those for all sublattices:
Lemma 5.6. Let Φ be of type A
(1)
n . Let Γ be a local model in X0 with lattice ZΓ, Λ ⊇ ZΓ ⊇
S+0 . If this corresponds to a spherical pair (A,ZΓ), then the roots α0 + α1 and α0 + αn are
in the lattice.
Proof. The lattice Λ intersected with the tangent cone CX0(P) gives a well known smooth
monoid with spherical roots S+0 . We know from [PPVS18] that all smooth G-saturated
weight monoids for An have either all 2α or all sums of consecutive simple roots as spherical
roots. For n ≥ 3, {α1, α2} or {αn−1, αn} is contained in every local root system. As all sums
of consecutive roots not containing α0 are in the lattice by construction, at least one sum
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of consecutive roots appears as a spherical roots in every local root system. Then there are
smooth monoids for these local root systems if and only if ΣN (Γ) = S+i . This is the case if
and only if α0 + α1 and α0 + αn are in the lattice and we have S
+
i as the set of N -spherical
roots in every vertex.
For n = 2, there are no obvious spherical roots in the lattice ZΓ in X1, X2, but, as α1 + α2
is in the lattice by construction, the root α0 = −(α1 + α2) is as well. The root 2α0 cannot
be a spherical root: α∨0 is not even on the lattice. We have seen in table 5 that a smooth
monoid with the given properties for A2 supports every simple root in at least one spherical
root. So this can only be smooth if α0+ α1 and α2 + α0 are spherical roots and therefore in
the lattice. 
Lemma 5.7. The necessary condition from lemma 5.6 for the local model in X0 is also
sufficient if n is even.
Proof. If n is even, a variety fulfilling the conditions from lemma 5.6 has weight lattice
Z(S+ ⊕ kωn−1) for some k ∈ Z>0 (cf. table 5). So the lattice ZΓ corresponds to smooth
monoids in every vertex Xi if and only if it contains all simple roots S
+
i in every vertex Xi
via this fact and the lemma above. 
Theorem 5.8. Let Φ be of type A
(1)
n , n even and let ZΓ = Z(S
+
0 ⊕ kωn−1). Then (A,ZΓ) is
a spherical pair if and only if k|n+ 1.
Proof. It suffices to prove that that α0 + α1 and αn + α0 are in the lattice. We start with
the lattice ZΓ and number the generators λ1, . . . , λn.
By the two lemmas above it is necessary and sufficient to show that this lattice contains
α0 + α1 and αn + α0. We first check if α0 + α1 is in the lattice. We have the relation
α0 + α1 + · · ·+ αn = 0, and hence, −(α0 + α1) = α2 + · · ·+ αn = −ω1 + ω2 + ωn. We look
for a linear combination
∑n
i=1 aiλi for integral ai that is equal to −(α0 + α1). This gives n
equations in n unknowns ai. They are:
−1 = a1 − a2
1 = a1 + a2 − a3
0 = −a1 + a2 + a3 − a4
...
0 = −an−4 + an−3 + an−2 − an−1
0 = −an−3 + an−2 + an−1 + k · an
1 = −an−1 + an
Number these equations 1, . . . , n. We can easily verify that adding all even numbered equa-
tions gives a1 = 2. Then the first equation says a2 = 3, the third a3 = 4, advance like this
until equation n− 2, skip equation n− 1 and use the last one to get an−1 = n. Then putting
all this information into equation n− 1 gives
(−n + 2) + (n− 1) + n + k · an = 0
k · an = −(n + 1)
So this system has an integral solution if and only if k divides n+ 1.
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Now let us check α0+αn = ω1+ωn−1−ωn. A similar calculation gives the same condition.
It follows from table 5 that these are the only candidates. 
• Case 3
Theorem 5.9. Let Φ be of type A
(1)
n , n odd. Then
ZΓ = 〈α2 + α3, . . . , αn−1 + αn, eωn−1, rωn−1 + ωn〉Z, e|
n+ 1
2
, 0 ≤ r ≤ e− 1
is the lattice of a q-Hamiltonian model space if and only if
(1) The lattice ZΓ contains α0 + α1 and αn + α0; and
(2) Both α∨1 , α
∨
3 , . . . , α
∨
n and α
∨
0 , α
∨
2 , α
∨
4 , . . . , α
∨
n−1 are part of a basis of ZΓ
∗.
Proof. The first part is the necessary condition from lemma 5.6.
We know from [PPVS18] that all these lattices ZΓ are constructed such that the odd coroots
are part of a basis. For every Φk with k even, the roots which have to be part of a basis are
exactly the odd coroots as well. When we go to a vertex Xk with k odd, the “odd coroots”
of this local root systems are the original roots α0, α2, . . . , αn−1. As the corresponding local
model also has S+ as N -spherical roots and contains an odd number of roots, the monoid
in this vertex is smooth if and only if the coroots α∨0 , α
∨
2 , α
∨
4 , . . . , α
∨
n−1 are part of a basis by
theorem 4.7. It follows that conditions 1 and 2 are necessary and sufficient. 
Lemma 5.10. The lattice ZΓ = 〈α2 + α3, . . . , αn−1 + αn, eωn−1, rωn−1 + ωn〉Z, e|
n+1
2
, 0 ≤
r ≤ e− 1, n odd contains α0 + α1 and αn + α0 for every r, e, n.
Proof. We have −(α0 + α1) = (α2 + α3) + (α4 + α5) + · · ·+ (αn−1 + αn) and −(αn + α0) =
(α1+α2)+(α3+α4)+· · ·+(αn−2+αn−1). As the lattice contains α1+α2, α2+α3, . . . , αn−1+αn
by construction, the sums on the right side of these equations are obviously in the lattice. 
Lemma 5.11. Condition (2) of theorem 5.9 is also true for ZΓ = 〈α2 + α3, . . . , αn−1 +
αn, eωn−1, rωn−1 + ωn〉Z, e|
n+1
2
, 0 ≤ r ≤ e− 1, n odd.
Proof. All lattices from this family fulfill the condition that α∨1 , α
∨
3 , . . . , α
∨
n are part of a basis
by construction. It remains to show the same for the even coroots. We recall from lemma 5.1
that α∨0 = −(α
∨
1 + α
∨
2 + · · ·+ α
∨
n).
To check if the even coroots are part of a basis we look at the following matrix with n columns
and (n + 1)/2 =: d rows, which gives the pairing of the even coroots with the generators of
the lattice:
α2 + α3 α3 + α4 α4 + α5 α5 + α6 . . . αn−2 + αn−1 αn−1 + αn eωn−1 rωn−1 + ωn
α∨0 0 0 0 0 . . . 0 −1 −e −r − 1
α∨2 1 −1 0 0
. . . 0 0 0 0
α∨4 −1 1 1 −1
. . . 0 0 0 0
α∨6 0 0 −1 1
. . . 0 0 0 0
... . . . . . .
. . .
. . . −1
. . .
...
...
...
α∨n−3 0 0 0 0 . . . −1 0 0 0
α∨n−1 0 0 0 0 . . . 1 1 e r
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We see that that columns 1 and 2, 3 and 4, . . . , n− 2 and n− 1 respectively are multiples of
each other. So all d× d sub-determinants containing one of these pairs is zero. So the only
way to get a d×d-minor 6= 0 is to choose the submatrix built from columns 1, 3, . . . , n−4, n−1
and n. (In fact, choosing column n− 2 instead of n− 1 is just a special case of this). If we
chose for example column 2 instead of 1, this would just change the sign of the determinant.
We get the d× d-submatrix:
M =


0 0 0 . . . 0 −1 −e −r − 1
1 0 0 . . . 0 0 0 0
−1 1 0 . . . 0 0 0 0
0 −1 1 . . . 0 0 0 0
...
. . .
. . .
. . .
...
...
...
...
0 0 0 . . . −1 1 0 0
0 0 0 . . . 0 −1 e r


We see that the second row contains only one entry 6= 0, so we develop the determinant for
that row. We continue like that until we finally reach
detM = ± det

−e −r − 1
e r

 = ±(−er + er + 1) = ±1.
So all d×d subdeterminants are 0 or±1 and therefore coprime. It follows from the elementary
divisors theorem that the even coroots are part of a basis in the given setting. 
• Case 5
If Φ0 is of type Bn, we also have to consider homogeneous models corresponding to sub-
lattices of 〈ω1, . . . , ωn−1, 2ωn〉. Let us consider the affine root system B
(1)
n . By elemen-
tary calculations, we figure out that this lattice ZΓ = 〈ω1, . . . , ωn−1, 2ωn〉 can be identi-
fied with Zn in the ǫ-basis, this does not correspond to a smooth monoid in Φn: If it
did, ZΓ would lie between the lattices 2Λn = {(a1, . . . , an) : a1 ≡ · · · ≡ an mod 2} and
2ZSn = {(a1, . . . , an) : ai even } by our classification in table 5, which is not the case. It
follows by the same argument that also Z(S+ ∪ {2αn}) is not smooth in Xn.
• Case 7
We can easily see that the lattice Λ corresponds to a multiplicity free quasi-Hamiltonian
manifold for C
(1)
n , for example by applying corollary 5.3, (3).
• Case 8
Let us first discuss the lattice ZΓ = 〈2ω1, ω2〉. In the vertex X2, we have ZΓ = 〈2ω˜1, ω˜0〉Z,
which is obviously the lattice of the same smooth affine spherical variety. We advance
to X1. We see that ZΓ is spanned by {2ω˜0, ω˜0 − ω˜2} and the corresponding monoid is
Γ = 〈2ω˜0, ω˜0 − ω˜2, 2ω˜2〉 by Gordan’s Lemma (cf. [BG09], Lemma 2.9, p.52). We apply
lemma 4.5 and see ΣN (Γ) = ∅ and hence SΓ = {α0, α2}. The set {α
∨ |ZΓ: α ∈ SΓ} is not a
subset of a basis of (ZΓ)∗, so this monoid is not smooth by condition (1) of theorem 4.7.
Let us now discuss the lattice 〈2α1, α1+α2〉 = 〈4ω1, ω2〉Z. It gives rise to the weight monoid
of a smooth affine homogeneous spherical variety inX0. InX1, the lattice is described as 〈ω˜2−
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ω˜0, 4ω˜0〉Z and (via Gordan’s Lemma) corresponds to the monoid Γ = 〈ω˜2 − ω˜0, 4ω˜0, 4ω˜2〉N.
Obviously, we have ΣN(Γ) = ∅ and hence SΓ = {α0, α2}. Again, this is not part of a basis
of (ZΓ)∗.
• Case 15 Considering A(2)2l and the family of lattices ZΓ with 2ZS0 ⊆ ZΓ ⊆ 2Λ0 , only the
lattice 2Λ0 = 2ZSn gives rise to a q-Hamiltonian model space: We can see that 2ZSk ⊆
2ZS0 ⊆ 2Λ0 ⊆ 2Λk for all k ∈ 1, . . . , n − 1 by using the arguments from the proof of
lemma 5.4. It remains to check the vertex Xn. Elementary calculations show that 2Λ0 =
2ZSn. Hence, 2Λ0 is the biggest possible lattice in X0 and the smallest possible lattice in
Xn. Thus, it is the only lattice in this family which comes from the weight monoid of a
smooth affine spherical variety in Xn and X0 and hence in all vertices of A.
• Case 16
The lattice is
〈2ω˜0, ω˜1, . . . , ω˜k−1, ω˜k+1, . . . , ω˜n〉Z
for every Xk, k = 1 . . . n (use again the reasoning of corollary 5.3), and these are known to
be lattices of smooth affine spherical varieties, as they are products of lattices from table 5,
namely B4) and C3).
• Case 17
Let us start with Γ = 〈2ω1, ω2〉N. We look at X1, where this lattice corresponds to the
monoid Γ1 = 〈−4ω˜0, ω˜2−2ω˜0〉, which leads to Σ
N(Γ) = {2α0}. Hence SΓ = {α2} and hence,
this monoid is smooth by theorem 4.7. In X2, we have ZΓ2 = 〈2ω˜1 − 4ω˜0,−2ω˜0〉 which is
smooth by table 5.
We also have to discuss the lattice ZΓ = 〈2α1, α1 + α2〉 = 〈4ω1 − 2ω2, ω2〉 for X0. But in
X2, the situation is different: We have ZΓ = 〈4ω˜1, 2ω˜0〉 which is not found in table 5. So
this lattice does not give rise to a q-Hamiltonian manifold.
• Case 19
We claim that the lattice Λ = 〈ω1, . . . , ωn〉Z does not correspond to the weight monoid of
a smooth affine spherical variety in Xn. By applying lemma 5.2, we can see that the lattice
has generators 〈ω˜1 − ω˜0, ω˜2, . . . , ω˜n−1,−2ω˜0〉 in this vertex. So no root of type 2α can be a
N -spherical root, as the corresponding α∨ would not be even on the lattice.
It follows by lemma 4.5 resp. table 5 that ΣN(Γ) = S+n , the set of sums of neighboring
roots which we number σ1, . . . , σn−1. For n odd, we have 〈α
∨
0 + α
∨
1 + · · ·+ α
∨
n−1, σi〉 = 0 for
all σi, for n even, we have 〈α
∨
0 + · · · + α
∨
n , σi〉 = 0 for all i. This shows that SΓ contains
non-orthogonal roots. So clearly for n > 3, the monoid is not smooth by theorem 4.7.
For n = 3, condition (1) is not met, as {α∨0 , α
∨
1 } is not part of a basis of (ZΓ)
∗: the matrix
ω˜1 − ω˜0 ω˜2 −2ω˜0
α∨0 −1 0 2
α∨1 1 0 0
has the 2 × 2-subdeterminants 0, 0, 2, which are not coprime. So the monoid is not smooth
by theorem 4.7.
• Case 21
(1) Let us assume ZΓ = 〈ω1, ω2, . . . , ωn−1, 2ωn〉. The corresponding set of spherical roots is
Σ0 := {α1 + α2, . . . , αn−1 + αn, 2αn}. We find (using lemma 5.2)
ZΓ ⊆ 〈2ω˜0, ω˜1, . . . , ω˜k−1, ω˜k+1, . . . , ω˜n−1, 2ω˜n〉Z ∀k = 1, . . . , n− 1,
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so surely ZΓ gives rise to a quasi-Hamiltonian manifold: It is equal to 〈2ω0, ω1, . . . , ωn−1〉,
the lattice of a smooth affine spherical variety in Xn via lemma 5.2 and the reasoning
of the proof of corollary 5.3, part 3).
(2) We next consider ZΓ = S+0 ∪ {2αn} for n odd. This is obviously the same lat-
tice as 〈2α0, α0 + α1, . . . , αn−2 + αn−1〉. To see this, it suffices to see that 2α0 =
−2(α1 + α2)− 2(α3 + α4)− · · · − 2(αn−2 + αn−1)− 2αn.
It is straightforward to see that 〈2α0, α0 + α1, . . . , αi−2 + αi−1, αi+1 + αi+2, . . . ,
αn−1 + αn, 2αn〉 for all i = 1, . . . , n− 1 is contained in ZΓ, but they are not the same:
2α0 = −2(α1 + α2)− 2(α3 + α4)− · · · − 2(αn−2 + αn−1)− 1 · (2αn). In other words, we
have ZΣi ⊆ ZΣ0 = ZΓ ⊆ Λ
B
0 ⊆ Λi, so this gives rise to a q-Hamiltonian manifold via
theorem 1.2.
(3) Let us now look at ZΓ = S+0 ∪ {2αn} for n even. We claim that this lattice does not
correspond to the weight monoid of a smooth affine spherical variety in Xn. To see this,
we apply [PVS15]. The lattice has the following description in the basis of fundamental
weights in X0:
ZΓ = 〈ω1 + ω2 − ω3,−ω1 + ω2 + ω3 − ω4, . . . ,
− ωn−3 + ωn−2 + ωn−1 − 2ωn,−ωn−2 + ωn−1,−2ωn−1 + 4ωn〉
We see by an elementary calculation that the root α0+α1 = ω˜1− ω˜2 = ω1−ω2 is NOT
contained in that lattice. But the root 2α0 = 2ω˜0−2ω˜1 = −2ω1 = −2(α1+α2)−2(α3+
α4)−2(α5+α6−· · ·−2(αn−1+αn) is in the lattice and α
∨
0 is even on all other spherical
roots. So we have ΣN(Γ) = {2α0, α1 + α2, . . . , αn−2 + αn−1} for Γ at Xn. As
〈α∨n−1 + αn−2 + 2α
∨
n−3 + 2α
∨
n−4 + . . . + (n/2)α
∨
1 + (n/2) · 1/2α
∨
0 , σi〉 ≤ 0 ∀σi ∈ ΣN(Γ),
we get SΓ = {α0, . . . , αn−1}, so (2) of theorem 4.7 is not met. So the lattice does not
correspond to a smooth affine spherical variety in Xn and hence gives not rise to a
q-Hamiltonian manifold.
• Case 22 We start with ZΓ = 〈ω1, ω2〉. Then, in X1, this lattice is 〈2ω˜0, ω˜0 − ω˜2〉. We have
already seen in Case 8, part 1 that this is not smooth.
Summarizing this survey, we have shown our main theorem:
Theorem 5.12. Let K be simple and simply connected and τ be a smooth automorphism of
K. Let Λ = 〈ω1, . . . , ωn〉 be its weight lattice and S its set of simple roots. Then the map
M → ΛM gives a bijection between quasi-Hamiltonian model Kτ -spaces and the lattices in
the following table:
Table 7: quasi-Hamiltonian model-Kτ -spaces
K ord(τ) affine root
system
ΛM Luna Diagram
1 any combination but
K = SU(2n + 1),
ord(τ) = 2
any but
A
(2)
2n
2ZS ⊆ ΛM ⊆ 2Λ all 2S
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Table 7: quasi-Hamiltonian model-Kτ -spaces
K ord(τ) affine root
system
ΛM Luna Diagram
2 SU(n+1), n
even
1 A
(1)
n ΛM = 〈α1 + α2, α2 +
α3, . . . , αn−1 + αn, kωn−1〉
with k|n+ 1, k ∈ Z≥1
3 SU(n+1), n
odd
1 A
(1)
n ΛM = 〈α2 + α3,
α3 + α4, . . . , αn−1 + αn,
eωn−1, rωn−1 + ωn〉 with
r, e ∈ Z≥1, e|
n+1
2
, 0 ≤ r ≤ e−1
4 Sp(2n) 1 C
(1)
n ΛM = Λ
5 SU(5) 2 A
(2)
4 ΛM = 〈2ω1, ω2〉
6 SU(2n+ 1) 2 A
(2)
2n ΛM = Λ
7 SU(2n+ 1) 2 A
(2)
2n ΛM = 2Λ
8 Spin(2n+2) 2 D
(2)
n+1 ΛM = 〈ω1, ω2, . . . , ωn−1, 2ωn〉
9 Spin(2n+2)
n odd
2 D
(2)
n+1 ΛM = 〈α1 + α2, α2 + α3,
. . . , αn−1 + αn, 2αn〉
Part 6. The local models
We use a notation devoloped in [KVS06] to describe the local models of our varieties.
First we remember the structure of spherical varieties:
Theorem 6.1 ([KVS06], corollary 2.2). Let Z be a smooth affine spherical G-variety. Then
Z ∼= G ×H V where H is a reductive subgroup of G such that G/H is spherical and V is a
spherical H-module.
Hence, any smooth affine spherical variety corresponds to a triple (G,H, V ). Unfortunately,
it is not straightforward to decide the triple on the group level. We refer to [KVS06], exam-
ples 2.3, 2.4, 2.5 and 2.6 as an illustration of the problems which appear.
A doable approach which avoids these problems is listing so-called primitive spherical
triples (g′, h′, V ) which contain the semisimple parts of the corresponding Lie algebras. The
actual objects of the classification are:
Definition 6.2 ([KVS06], Def. 2.7.).
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(1) Let h ⊆ g be semisimple Lie algebras and let V be a representation of h. For s, a
Cartan subalgebra of the centralizer cg(h) of h, put h¯ := h ⊕ s, a maximal central
extension of h in g. Let z be a Cartan subalgebra of gl(V )h, the centralizer of h in
gl(V ). We call (g, h, V ) a spherical triple if there exists a Borel subalgebra b of g
and a vector v ∈ V such that:
(a) b+ h¯ = g and
(b) [(b ∩ h¯) + z]v = V where s acts via any homomorphism s→ z on V .
(2) Two triples (gi, hi, Vi), i = 1, 2 are isomorphic if there exist linear bijections α : g1 →
g2 and β : V1 → V2 such that:
(a) α is a Lie algebra homomorphism
(b) α(h1) = h2
(c) β(ξv) = α(ξ)β(v) for all ξ ∈ h1 and v ∈ V1.
(3) Triples of the form (g1 ⊕ g2, h1 ⊕ h2, V1 ⊕ V2) with (gi, hi, Vi) 6= (0, 0, 0) are called
decomposable.
(4) Triples of the form (k, k, 0) and (0, 0, V ) are said to be trivial.
(5) A pair (g, h) of semisimple Lie algebras is called spherical if (g, h, 0) is a spherical
triple.
(6) A spherical triple (or pair) is primitive if it is non-trivial and indecomposable.
The use of these spherical triples is justified by the following theorem:
Theorem 6.3 ([KVS06], theorem 2.9.). If G×H V is a smooth affine spherical variety, then
(g′, h′, V ) is a spherical triple. Moreover, it follows from the classification in [KVS06] that
every spherical triple arises this way.
We shall make use of the diagram notation developed in [KVS06], section 3, which bases
upon an idea of Mikityuk [Mik87]. We represent a triple by a three-layered graph: Let
g1 + · · · + gr, h1 + · · · + hs, V1 ⊕ · · · ⊕ Vt be the simple factors of g, h, V . The vertices of
the graph symbolize all gi, hj and Vk. We draw an edge connecting hj and gi if the map
hj →֒ g։ gi is non-zero and an edge between Vk and hj if Vk is a non-trivial hj-module. We
never draw an edge between Vk and gi. We will write the graph in three rows, the gi in the
first, hj in the second and Vk in the last one. We should mark all the embeddings of the hj
into the gi or how each hj acts on the Vk as well, but we will omit those labels if these are
the natural embeddings respectively actions.
Note that those gi contained in h can be recovered from the graph as they correspond to
those hj which are not connected to any g, so we will never draw an extra vertex for them.
Example 6.4. The graph
sl(n)
sl(n) sl(n)
represents the triple (sl(n) + sl(n), sl(n), ω1).
The local models of our model spaces are:
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A
(1)
n The local model is obviously the same for every vertex of the alcove. The local
models, cases numbered as intheorem 5.12, are:
1 2 3
sl(n)
so(n)
sl(n)
sp(n− 1)
sl(n)
sp(n)
B
(1)
n , 2ZS ⊆ ΛM ⊆ 2Λ:
X0, X1 X2 Xi, i > 2
so(n+ 1)
so(2n+ 1)
so(n)
sl(2) sl(2)
so(n− 2)
so(2(n − 2))
so(n− 2) so(k)
so(2k)
so(k) so(n− k + 1)
so((2(n − k) + 1)
so(n− k)
C
(1)
n The centralizers K(Xk)
C are sp(2k)sp(2n− 2k) for every Xk.
In case of 2ZS ⊆ ΛM ⊆ 2Λ, the local models are
sp(2k)
t1 + sl(2k)
sp(2n− 2k)
t1 + sl(2n− 2k)
For ΛM = Λ, we define Yi as
sp(i)
sp(2i)
sp(i)
for i even and sp(i + 1)
sp(2i)
sp(i− 1)
for i odd.
Then Yi Yn−i are the triples of the local models in Xi, cf. [Kno16, p.39].
D
(1)
n , 2ZS ⊆ ΛM ⊆ 2Λ:
X0, X1, Xn−1, Xn X2, Xn−1, n > 4 X2, n = 4 Xi, 2 < i < n− 2
so(n)
so(2n)
so(n)
sl(2) sl(2)
so(n− 2)
so(2(n − 2))
so(n− 2)
sl(2) sl(2) sl(2) sl(2)
so(i)
so(2i)
so(i) so(n− i)
so(2(n− i))
so(n− i)
E
(1)
6 , 2ZS ⊆ ΛM ⊆ 2Λ
X0, X1, X6 X3, X2, X5 X4
E6
C4
sl(6)
so(6)
sl(2) sl(3)
so(3)
sl(3)
so(3)
sl(3)
so(3)
E
(1)
7 , 2ZS ⊆ ΛM ⊆ 2Λ
X0, X7 X1, X6 X2 X3, X5 X4
E7
A7
sl(2)
so(6)
so(12)
so(6)
sl(8)
so(8)
sl(3)
so(3)
sl(6)
so(6)
sl(4)
so(4)
sl(4)
so(4)
sl(2)
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E
(1)
8 , 2ZS ⊆ ΛM ⊆ 2Λ
X0 X1 X2 X3 X4
E8
D8 so(8)
so(16)
so(8)
sl(9)
so(9)
sl(2) sl(8)
so(8)
sl(2)
so(2)
sl(2) sl(6)
so(6)
X5 X6 X7 X8
sl(5)
so(5)
sl(5)
so(5) so(5)
so(10)
so(5)
sl(4)
so(4)
E6
C4
sl(3)
so(3)
E7
A7
sl(2)
F
(1)
4 , 2ZS ⊆ ΛM ⊆ 2Λ
X0 X1 X2 X3 X4
C3
F4
A1
sl(2) sp(6)
gl(3)
sl(3)
so(3)
sl(3)
so(3)
sl(4)
so(4)
sl(2)
so(5)
so(9)
so(4)
G
(1)
2 , 2ZS ⊆ ΛM ⊆ 2Λ
X0 X1 X2
A1
G2
A1
sl(3)
so(3)
sl(2) sl(2)
A
(2)
4 , ΛM = 〈2ω1, ω2〉
X0, X2 X1
so(5)
t1 + sl(2)
sl(2) sl(2)
A
(2)
2n , ΛM = 2Λ For every Xi, we have so(i+ 1)
so(2i + 1)
so(i)
sp(2(n − i))
t1 + sl(2(n − i))
A
(2)
2n , ΛM = Λ For every Xi, we have Yn−i
so(2i+ 1)
t1 + sl(n) with Yi defined as in 3B).
A
(2)
2n−1 , 2ZS ⊆ ΛM ⊆ 2Λ
X0, X1 X2 Xi, i > 2
sp(2n)
t1 + sl(2n)
sl(2) sl(2) sp(2(n − 2))
t1 + sl(2(n − 2)) so(i)
so(2i)
so(i)
sp(2(n − i))
t1 + sl(2(n− i))
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D
(2)
n+1 , 2ZS ⊆ ΛM ⊆ 2Λ
For every Xi, we have so(i+ 1)
so(2i+ 1)
so(i) so((n− i) + 1)
so(2(n− i) + 1)
so(n− i)
D
(2)
n+1 , ΛM = 〈ω1, ω2, . . . , ωn−1, 2ωn〉, and, if n odd, also ΛM = 〈α1+α2, α2+α3, . . . , αn−1+
αn, 2αn〉
For every Xi, we have
so(2i + 1)
t1 + sl(i)
so(2(n− i) + 1)
t1 + sl(n− i)
E
(2)
6 , 2ZS ⊆ ΛM ⊆ 2Λ
X0 X1 X2 X3 X4
C3
F4
A1
sl(2)
so(4)
so(7)
so(3)
sl(3)
so(3)
sl(3)
so(3)
sl(4)
so(4)
sl(2) sp(8)
t1 + sl(4)
D
(3)
4 , 2ZS ⊆ ΛM ⊆ 2Λ
X0 X1 X2
A1
G2
A1
sl(2) sl(2) sl(3)
so(3)
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